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Abstract

This article describes a method for determining the polydispersity index Ip2 ¼ Mz=Mw of the molecular weight distribution (MWD) of

linear polymeric materials from linear viscoelastic data. The method uses the Mellin transform of the relaxation modulus of a simple

molecular rheological model. One of the main features of this technique is that it enables interesting MWD information to be obtained

directly from dynamic shear experiments. It is not necessary to achieve the relaxation spectrum, so the ill-posed problem is avoided.

Furthermore, a determinate shape of the continuous MWD does not have to be assumed in order to obtain the polydispersity index. The

technique has been developed to deal with entangled linear polymers, whatever the form of the MWD is. The rheological information

required to obtain the polydispersity index is the storage G0ðvÞ and loss G00ðvÞ moduli, extending from the terminal zone to the plateau region.

The method provides a good agreement between the proposed theoretical approach and the experimental polydispersity indices of several

linear polymers for a wide range of average molecular weights and polydispersity indices. It is also applicable to binary blends.

q 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Most of the properties of a polymeric material are related

to its molecular weight distribution (MWD). The conven-

tional analytical methods for determining the MWD require

dissolution of the sample. However, some polymers are

either difficult to dissolve or insoluble in common solvents.

Furthermore, if available equipment is not fitted with a

sensor for determining absolute molecular weight, standard

polymers are needed to calibrate the instrument. In contrast,

some rheological techniques do not come up against these

problems. The rheological technique would appear to be a

powerful tool for the molecular characterization of poly-

meric materials. Indeed, in recent years much research has

aimed to define the inter-relationship between polymer

rheological information and MWD [1–11].

In many technical applications, it is not necessary to

know the whole MWD in order to characterize the material

from a molecular point of view; knowing an average

molecular weight and a polydispersity index is sufficient.

The parameters normally used are the average molecular

weight Mw and a polydispersity index Mw=Mn or Mz=Mw:

It is widely accepted that the rheological parameters

directly related to Mw and the polydispersity of the MWD,

Mz=Mw; are the zero shear rate viscosity, h0; and the steady-

state compliance, J0
e ; respectively.

The zero shear rate viscosity is a characteristic parameter

for the entanglement density between chains within a

material, and hence it is very susceptible to chain length.

The steady state compliance is a parameter for melt

elasticity which characterizes the chain elastic deformation

capacity between entanglements with regard to their static

equilibrium position. It is also a measure of the elastic

energy that is accumulated during flow and recoverable

when the stress is removed. Therefore, it is very susceptible

to the high molecular weight fractions of the material [12,13].

The dependence of h0 on the weight average molecular

weight can be described by the following power law:

h0 ¼ kE·Ma
w ð1Þ
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where kE is the constant of proportionality and a generally

lies between 3.3 and 3.7, except for extremely broad blends,

for which higher values are observed [14–17]. a is often

taken as 3.4, since this is the value usually obtained for most

linear polymers investigated.

The dependence of steady state compliance on MWD has

also been widely studied because of its importance in

polymer processing. Mieras and van Rijn [18] observed that

in the case of polydisperse entangled polymer melts

(polystyrene, PS, and polypropylene, PP) J0
e ; is not

dependent on molecular weight but is strongly influenced

by the width of the MWD, characterized by the parameter

Mz=Mw: This finding was consistent with similar measure-

ments in polydimethylsiloxane (PDMS) and PS melts, with

1 , Mz=Mw , 3; taken by Mills [19], who proposed the

following empirical relationship:

J0
e /

Mz

Mw

 !3:7

ð2Þ

which has since been widely accepted.

Later, another empirical correlation was proposed by

Agarwal [20] to relate J0
e and molecular weight averages

J0
e /

MzMzþ1

MnMw

ð3Þ

this being derived by testing data from a set of binary blends

of polystyrene reported in the literature. For the particular

case of a logarithmic-normal MWD, Eq. (3) can be rewritten

as

J0
e /

Mz

Mw

 !4

ð4Þ

Eqs. (2) and (4) give practically the same prediction not only

for the case of binary blends but also for the continuous

broad distribution [21].

In addition, several blending laws have also been

proposed for estimating the effect of polydispersity on the

linear viscoelastic properties of polymers. The simplest one

is Ninomiya’s linear blending law [22,23] for a mixture of

two monodisperse polymers with molecular weights M1 and

M2:

HðtÞ ¼ w1H1ðt=l1Þ þ w2H2ðt=l2Þ ð5Þ

where HðtÞ is the relaxation spectrum of the mixture, H1ðtÞ

and H2ðtÞ are those of the individual pure components, and

w1 and w2 are their weight fractions. The quantity li is a

dimensionless shift factor that modifies the relaxation times

t of molecules of component i relative to their values in the

pure state. These shift factors account for the effect of the

molecular surroundings on the relaxation time of each

molecule. The presence of shorter chains speeds up the

relaxation time of longer ones, and vice versa. A simple

shift factor that does this is li ¼ ðM=MiÞ
d; where M is an

average molecular weight of the MWD and d is a constant.

Assuming that the viscosity hi and the steady-state

compliance Jei of the pure components are related to the

molecular weight Mi as [21]:

hi ¼
ð1

0
HiðtÞdt/ M3

i ð6Þ

Jei·h
2
i ¼

1

h2
i

ð1

0
tHiðtÞdt/ M6

i ð7Þ

this simple blending law predicts that J0
e is proportional to

Mz=Mw if li is assumed to be ðMw=MiÞ
2 and proportional to

ðMzþ1Mzþ2Þ=ðMwMzÞ if li is assumed to be Mw=Mi: Kurata

[21] proposed a variation of Eq. (5) based on a mole-basis

additivity instead of the weight-basis:

HðtÞ ¼ x1H1ðt=l1Þ þ x2H2ðt=l2Þ ð8Þ

where xi represents the mole fraction of component i in the

blend. If this is combined with li ¼ Mw=Mi; it leads to the

Agarwal equation of J0
e (Eq. (3)).

Higher-order blending laws have also been proposed, for

example, the quadratic law of Bogue et al. [24]:

HðtÞ ¼ w2
1H1ðt=l1Þ þ 2w1w2H12ðt=l12Þ þ w2

2H2ðt=l2Þ ð9Þ

and the cubic power-law of Kurata [25].

These quadratic and cubic blending laws, with the

empirical proportionality of h0 to M3:4
w and certain

assumptions about the cross terms, predict proportionality

to ðMz=MwÞ
2 and ðMz=MwÞ

3; respectively [21,25].

There are two theoretical approaches for predicting the

dependence of J0
e on polydispersity in the literature.

Graessley [13] estimated the effect of polydispersity on J0
e

by working out the equations given by the molecular theory

of viscoelasticity developed by Doi and Edwards for the

dynamics of entangled linear polymeric liquids [26,27].

This molecular theory is based on the idea of a tube model to

represent the mutual constraints on configurational

rearrangement of the chains. According to this theory,

Graessley [13] found the following J0
e dependence on

average molecular weights:

J0
e /

Mzþ2Mzþ3Mzþ4

MwMzMzþ1

ð10Þ

Similarly, Bird et al. [28], using the kinetic theory of

polymeric liquids, or phase-space theory, found the

following relationship between steady-state compliance

and average molecular weights

J0
e /

Mzþ1Mzþ2

MwMz

ð11Þ

Eqs. (10) and (11) show that both theoretical approaches

predict that the elastic behaviour of polymer melts,

characterized by J0
e ; is independent of molecular weight

for a monodisperse system but is strongly dependent on the

MWD for a polydisperse one, which is qualitatively in

accordance with experimental results. However, despite J0
e

being quite sensitive to the presence of high molecular

weight components, the Doi–Edwards prediction is almost
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certainly too strong. If one assumes a logarithmic-normal

type distribution, the Doi–Edwards theory predicts that:

J0
e /

Mz

Mw

 !9

ð12Þ

which reveals a marked discrepancy with the experimental

results. In contrast, the phase-space theory predicts a fourth

power scaling relationship (Eq. (4)), which is in close

agreement with experimental findings (Eq. (2)).

It should be pointed out that the constant of proportion-

ality is, in all cases, the reciprocal of the plateau modulus,

G0
N: Similarly, all the above relationships emphasize the

importance of the higher molecular weight averages in

determining the steady-state compliance.

Other determinations of the polydispersity index from

rheological measurements have been successfully used

[29–32]. All of them, however, are based on phenomen-

ological hypotheses or empirical rules and some are only

valid for a particular class of polymer. Moreover, it is

necessary to assume a type of distribution law (Weslau

(logarithmic-normal), Schulz, Poisson or Flory type) for a

quantitative analysis, as otherwise only qualitative infor-

mation is available.

The present study describes a quantitative rheological

method for calculating the polydispersity index, one that is

based on a molecular theory and which can be applied to any

kind of polymer sample, regardless of the form of the

distribution. The rheological information required is the

master curves of the storage (G0 –v) and loss (G00 –v)

moduli, extending from the terminal to the plateau zones.

2. Theory

Most of the molecular models used to infer the molecular

weight of polymer samples from linear viscoelastic data are

based on the tube and reptation concept of de Gennes [27].

However, it has proved difficult to incorporate polydisper-

sity into these models as the effect of the polydisperse

environment on the relaxation times of the individual chains

has to be taken into account. Graessley [33] introduced this

polydispersity effect by postulating that the terminal

relaxation time ti depends on two non-correlated processes:

(i) the reptation of the chain and (ii) the constraint release

due to the motion of the surroundings, which results in the

tube renewal effect, a concept originally developed by both

Klein [34] and Daoud and de Gennes [35].

One of the most successful approaches for predicting the

MWD of polydisperse polymer samples is the double

reptation mixing rule, independently derived by both

Tsenoglou [36] and des Cloizeaux [37] from the entangle-

ment concept and the double reptation mechanism,

respectively. Recently, other authors [5,7,8] have refined

the double reptation theory by simultaneously taking into

account tube renewal and the double reptation mechanism

of the chains.

The molecular model used in the present study was

formulated and analysed in a recent article [9]. Like most of

the molecular models described in the literature, this model

is applicable to polymeric systems when all the chains are

long enough to form an entangled polymer network.

The model establishes that the relaxation function is

well-approximated as a simple exponential function, in

reasonable agreement with the well-known tube model for

chain reptation in monodisperse polymers [26]. However,

the experimental spectrum for monodisperse polymers is

broader than predicted by the tube model. On the other

hand, it is assumed that the effects of constraint release on

the relaxation time, ti, of a chain of molecular weight Mi;

depend on an average molecular weight, M; that sets the

effect of the environment where the molecules reptate,

according to

ti ¼ ðkE=G
0
NÞ·M

a2b·M
b
i ð13aÞ

In this equation the parameters kE and a are the same as

previously described for Eq. (1), which relates h0 and Mw;

G0
N is the plateau modulus and b is a parameter which

determines the contribution of the molecular weight of a

chain in its relaxation time. Given a polymer with a definite

MWD, Eq. (13a) can be rewritten as

ti ¼ K 0M
b
i ð13bÞ

Other models assume that the relaxation function of probe

chains can be expressed as a product of ‘chain reptation’ and

‘constraint release’ relaxation processes [33].

It is known that probe chains dispersed in a higher

molecular weight matrix have their relaxation slowed,

consistent with Eq. (13a). However, there is a discrepancy

between the proposed model predicting that suppression of

constraint release does not broaden the relaxation function

and experiments, which show broadening [38,39].

From a molecular point of view, polymers are charac-

terized by their MWD, WðMÞ; whereas the material function

of linear viscoelasticity is often taken to be the relaxation

modulus, GðtÞ: In this model the normalized linear

relaxation modulus for a polydisperse polymer is formu-

lated by the following expression

GðtÞ ¼ G0
N

ð1

0
exp

2t

ti

� �
WðMÞdM ð14Þ

Here we expand the previous molecular model [9] to derive

a polydispersity index, for any kind of MWDs, from linear

viscoelastic data. The study uses the integral transforms of

the relaxation modulus, derived from classical viscoelastic

theory, and the proposed molecular model. The expression

for a polydispersity index is achieved as follows.

From classical viscoelastic theory [40] the relaxation

modulus is related to the dynamic moduli by the following
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relationships:

GðtÞ ¼
2

p

ð1

0

G0ðvÞ

v
sinðvtÞdv ð15aÞ

GðtÞ ¼
2

p

ð1

0

G00ðvÞ

v
cosðvtÞdv ð15bÞ

In order to connect aspects of the MWD with the dynamic

moduli we combine Eqs. (14), (15a) and (15b) through their

Mellin transforms. The Mellin transform fMðsÞ of an

arbitrary function f ðtÞ is defined by

fMðsÞ ;
ð1

0
ts21f ðtÞdt ð16Þ

where the parameter s is the transform variable. If f ðtÞ ¼

e2t=l; the Mellin transform is, for s . 0:

fMðsÞ ;
ð1

0
ts21 e2t=l dt ¼ ls·GðsÞ ð17Þ

GðsÞ being the gamma function of parameter s. Interesting

properties of the Mellin transform can be used to solve

problems of classical physics [41]. In particular, the Mellin

transform is useful to calculate moments of time functions

[42]. Thus, the Mellin transform of the relaxation modulus

expressed in terms of the relaxation spectrum ðGðtÞ ¼Ð1
21 HðlÞ·e2t=l·d ln lÞ gives:

GMðsÞ ¼
ðþ1

21
HðlÞ

ð1

0
ts21·e2t=l·dt·d ln l

¼ GðsÞ
ðþ1

21
HðlÞ·ls·d ln l ð18Þ

where
Ðþ1
21 HðlÞ·ls·d lnl is the sth moment of the of the

relaxation spectrum. Moreover, polydispersity indexes of

the relaxation spectrum can be obtained by the quotients of

these moments. Therefore, if we know the relation between

the relaxation times and the polymer molecular weights,

Eqa. (13a) and (13b), we can derive molecular polydisper-

sity indexes. Then taking into account Eq. (13b), the Mellin

transform of the relaxation modulus (Eq. (14)), GMðsÞ; when

s . 0 is:

GMðsÞ ; G0
N

ð1

0

ð1

0
ts21 exp

2t

K 0Mb

� �
dt

� �
WðMÞdM

¼ G0
NGðsÞðK

0Þs
ð1

0
MbsWðMÞdM ð19Þ

where
Ð1

0 MbsWðMÞdM is the bsth moment of the MWD,

kMbsl: Then Eq. (19) can be expressed as:

GMðsÞ ¼ G0
NGðsÞðK

0ÞskMbsl ð20Þ

Similarly, the Mellin transform of the relaxation modulus

(Eqs. (15a) and (15b)) when 0 , s , 1 is:

GMðsÞ ;
2

p

ð1

0

ð1

0
ts21 sinðvtÞdt

� �
G0ðvÞ

v
dv

¼
2

p
GðsÞsin

ps

2

� �ð1

0

G0ðvÞ

vsþ1
dv ð21aÞ

GMðsÞ ;
2

p

ð1

0

ð1

0
ts21 cosðvtÞdt

� �
G00ðvÞ

v
dv

¼
2

p
GðsÞcos

ps

2

� �ð1

0

G00ðvÞ

vsþ1
dv ð21bÞ

Eqs. (20), (21a) and (21b) can be combined to yield an

expression for arbitrary moments of M with respect to the

distribution function WðMÞ as a function of the experimen-

tal dynamic moduli:

kMbsl ¼
2 sin

ps

2

� �
pG0

NðK
0Þs

ð1

0

G0ðvÞ

vsþ1
dv ð22aÞ

kMbsl ¼
2 cos

ps

2

� �
pG0

NðK
0Þs

ð1

0

G00ðvÞ

vsþ1
dv ð22bÞ

where 0 , s , 1. Taking bs ¼ n; where n is an integer, Eqs.

(22a) and (22b) yield the nth moment of the MWD. The

moments and the average molecular weights of the MWD

are related as follows:

kM21l ¼ Mn ð23aÞ

kM1l ¼ Mw ð23bÞ

kM2l ¼ Mw·Mz ð23cÞ

and so forth.

It is known that b . 0, so the 21st moment of the

MWD, i.e. Mn; cannot be determined, since s would be

negative. However, if b . 2 the þ1st and þ2nd moments

of the MWD can be determined, since in these cases s lies

between 0 and 1. Therefore, we can use Eqs. (22a) and (22b)

to get Mw and Mz if we know K0, G0
N and the dynamic

moduli. Usually, K0 is an unknown parameter. However, if

we focus on the polydispersity index Mz=Mw ¼ kM2l=kM1l2

the parameter K0 is not needed, and:

Mz

Mw

¼ G0
N

p

2

sin
p

b

� �

sin
p

2b

� �� �2

ð1

0

G0ðvÞ

vð2=bþ1Þ
dv

ð1

0

G0ðvÞ

vð1=bþ1Þ
dv

� �2
ð24aÞ

Mz

Mw

¼ G0
N

p

2

cos
p

b

� �

cos
p

2b

� �� �2

ð1

0

G00ðvÞ

vð2=bþ1Þ
dv

ð1

0

G00ðvÞ

vð1=bþ1Þ
dv

� �2
ð24bÞ

The parameter b must fall in the range 2 , b , a. The

lower limit corresponds to the minimum b value from which

the polydispersity index Mz=Mw can be calculated. The

J. Llorens et al. / Polymer 44 (2003) 1741–17501744



upper limit is determined by Eq. (13a) with the condition

a 2 b . 0, because any relaxation time, ti, of a chain of

molecular weight Mi; must increase when M . Mi and

diminish when M , Mi with respect to the relaxation time

in the monodisperse system ðM ¼ MiÞ:

Therefore, only the master curves of G0ðvÞ and G00ðvÞ are

required to calculate Mz=Mw since the plateau modulus is

also calculated from Eq. (15b) by applying the time limit to

the relaxation modulus ðlim GðtÞt!0 ¼ G0
NÞ :

G0
N ¼

2

p

ð1

0

G00ðvÞ

v
dv ð25Þ

It should be emphasised that the entire master curves,

extending from the terminal zone to the rubbery plateau

region, are needed to calculate the complete integrals.

Otherwise, reliable values for the polydispersity index will

not be obtained.

We have analyzed the effect of the experimental broad-

ening of the spectrum, for monodisperse polymer, on the

polydispersity index calculated, in polydisperse systems, with

Eqs. (24a) and (24b). As we mentioned above, the spectrum

for a simple exponential function, in the model relaxation

function, is narrower than the experimental spectrum for

monodisperse polymers. Eqs. (24a) and (24b) calculate the

polydispersity index from a relaxation time distribution

(RTD). If a monodisperse system has a polydisperse RTD,

the calculated polydispersity index will be greater than 1.

Therefore, when we calculate, with Eqs. (24a) and (24b), the

polydispersity index, in polydisperse systems, we obtain a

polydispersity index, which is the product of two numbers:

one that is the true molecular polydispersity index and the

other that is related with the RTD of the monodisperse chains.

Then, if we apply Eqs. (24a) and (24b) to experimental

monodisperse system data, the polydispersity index obtained

will be a factor that can be used to calculate the true

molecular polydispersity index of polydisperse systems. The

true molecular polydispersity index of polydisperse systems

can be obtained by dividing their calculated polydispersity

index by this factor. This correction, due to the non-

monodipersity of the RTD in monodisperse systems, seems

to be unimportant in the calculation of molecular poly-

dispersity indexes, as we can see from the comparison

between experimental and calculated molecular polydisper-

sity indexes obtained with Eqs. (24a) and (24b).

As mentioned above, the steady state compliance is

strongly dependent on polydispersity and, according to our

theoretical approach, this dependence must be obtained as

follows.

From the proposed relaxation modulus (Eq. (14)), the

relaxation spectrum, HðtÞ; can be related to the MWD by [9]

HðtÞ ¼
G0

N

b
MWðMÞ ð26Þ

where the relaxation time, t, is described by Eq. (13b). In

addition, the steady state compliance can be calculated from

the relaxation spectrum by [40]

J0
e ¼

ð1

0
tHðtÞdt

ð1

0
HðtÞdt

� �2
ð27Þ

Combining Eqs. (13b), (25) and (26), and taking

dt ¼ bK 0Mb21 dM; the following J0
e dependence on

MWD is obtained

J0
e ¼

1

G0
N

kM2bl
kMbl2

ð28Þ

Note that Eq. (28) is a general relationship, for which any

value of b is possible, provided that it lies in the correct

range of 2–a. Therefore, the J0
e molecular dependence is

not restricted to integer moments of WðMÞ: In particular, it

can be observed that Eq. (28) includes the relationships

predicted by Doi–Edwards (Eq. (10)) and Bird et al. (Eq.

(11)), which can be formulated as a special case for b ¼ 3

and b ¼ 2, respectively.

For the particular case of a logarithmic-normal type

distribution, the model predicts that J0
e scales with the

polydispersity index Mz=Mw according to

J0
e /

Mz

Mw

 !b2

for 2 , b , a < 3:4 ð29Þ

Given that b must be greater than 2, the power exponent

with which J0
e scales with Ip2 ¼ Mz=Mw will be greater than

4. This leads to greater differences with the empirical value

of 3.7 [19] as b goes up. However, Agarwal [20] examined

several sets of data from the literature and concluded that

while the equation he proposed (Eq. (3)) holds for all of

them, Eq. (2) does not. Indeed, scaling exponents higher

than 5.3 have been reported.

It is worth noting that the MWD dependence of J0
e

predicted by the model (Eq. (28)) is the same as that

predicted by a generalized form of Ninomiya’s blending law

(Eq. (5)). This generalized blending law is based on the

following equations:

HðtÞ ¼
X

i

wi·Hiðt=liÞ ð30Þ

where li ¼ ðM=MiÞ
d and d ¼ a–b;

hi ¼
ð1

0
HiðtÞdt/ Ma

i ð31Þ

Jei ¼
1

h2
i

ð1

0
tHiðtÞdt/ ðMa

i Þ
2
: ð32Þ

3. Experimental

3.1. Polymer samples

Different kinds of polymers with different degrees of

J. Llorens et al. / Polymer 44 (2003) 1741–1750 1745



polydispersity were analysed. They were: polydimethylsi-

loxane (PDMS), polyisoprene (PI), two series of poly-

styrene (PS), polydisperse and nearly monodisperse PS, and

a random co-polymer of ethylene and propylene (EP).

Binary blends of PDMS, PI and nearly monodisperse PS

were also studied. Some of the samples analysed in this

study had also been analysed in the previous work [9].

However, binary blends and nearly monodisperse PS are

new. Moreover, the previous study focused on unimodal

log-normal MWD while the present study extends to the

polydispersity index for any kind of MWD, be it unimodal

or bimodal.

The rheology of PDMS and PI samples was analysed in

our laboratory. They were purchased from Aldrich, who

also supplied the average molecular weight information.

Three bimodal PDMS mixtures were prepared by blending a

sample of low molecular weight (PDMS_L) with another of

high molecular weight (PDMS_H), adding either 75, 46 or

25% (in weight) of the latter. In what follows, the letters H

and L in the short forms stand for high and low molecular

weight component, respectively. Two binary PI blends were

also prepared in the same way, with 90 and 80% of the high

molecular weight component (PI_H).

The MWDs for the three polymers examined (PDMS_H,

PDMS_L and PI_H) were determined by GPC in a Waters

liquid chromatograph with a light scattering detector at

75 8C. The polymer solutions were prepared at a concen-

tration of 0.05% in toluene and injected into the system at an

injection volume of 50 ml. A Styragel HR 5E column was

used with toluene as the mobile phase at a flow rate of

0.35 ml/min. The average molecular weights of the blends

were calculated from the known composition of the mixture

[43].

Rheological data for EP and the polydisperse PS samples

were taken, with permission, from the work of Wasserman

and Graessley [44]. The PS sample was prepared by mixing

nearly monodisperse polystyrenes in order to get a precise

logarithmic-normal distribution (referred to as sample M2

in the work of Wasserman and Graessley [44].

Other PS rheological data are also reported in the present

study, and these were generously provided by Maier et al.

[45]. They consist of a narrowly distributed PS sample

(PS_L), referred to as PS60 in the work of Maier et al. [45],

and a series of bimodal mixtures of this polymer, made by

solution blending, with 10, 20 and 40% (in weight) of a high

molecular weight PS (PS_H) (referred to as PS177 in the

work of Maier et al. [45]). As before, the average molecular

weights of the blends were calculated from the known

composition of the mixture [43].

The binary blends of the polymers analysed in the present

study are hereinafter referred to by their short form:

POLYMER_H00 L00, where 00 indicates the content (%

in weight) of high (H) and low (L) molecular weight

components.

The average molecular weights and the polydispersity

indices Ip1 and Ip2 of all the samples investigated are listed

in Table 1.

3.2. Rheological measurements

The rheological data of the samples analysed in our

laboratory were obtained by dynamic oscillatory tests in a

controlled stress rheometer (HAAKE RS100) with parallel

plates of 20 mm diameter (gap ¼ 0.4 mm), except for the

PDMS_L sample for which a cone-and-plate sensor of

20 mm diameter and 28 angle was used. All measurements

were taken in the linear viscoelastic region. The PDMS

samples were analysed at three different temperatures: 50, 0

and 240 8C (250 8C for the PDMS_L sample). Those of PI

were analysed at 80 and 110 8C. All PI samples were studied

under nitrogen atmosphere in order to prevent oxidative

degradation. The isotherms were shifted in order to build up

the master curves at a reference temperature of T0 ¼ 0 and

110 8C for PDMS and PI, respectively, using the time–

temperature superposition principle.

Details of the rheological characterisation of the other

polymers used in this study can be found in the original

papers [44,45].

Figs. 1–3 show the dynamic moduli G0 and G00 master

curves for the PDMS, PI and PS mixtures series. Figs. 4 and

5 show, respectively, the dynamic modulus master curve

data for EP and polydisperse PS samples.

4. Results and discussion

The aim of the proposed method was to calculate the

polydispersity index, Ip2, from the dynamic moduli of linear

Table 1

Average molecular weights (in g mol21) and polydispersity indices for the

polymers investigated

Sample Mn £ 1023 Mw £ 1023 Mz £ 1023 Ip1
a Ip2

a

PDMS_H 380 630 890 1.7 1.4

PDMS_H75L25 159 496 1027 3.1 2.1

PDMS_H46L54 96 341 934 3.6 2.7

PDMS_H25L75 74 228 786 3.1 3.5

PDMS_L 59 94 140 1.6 1.5

PI_H 180 800 4800 4.4 6.0

PI_H90L10 76 724 3533 9.5 4.9

PI_H80L20 48.5 648 3510 13.4 5.4

PI_Lb 12.3 40 130 3.3 3.3

EP 175 350 700 2.0 2.0

PS 155 398 1040 2.6 2.6

PS_Hb 172 177 182 1.03 1.03

PS_H40L60 79 107 142 1.35 1.33

PS_H20L80 67 84 113 1.25 1.35

PS_H10L90 62 72 92 1.16 1.28

PS_L 58 60.4 63 1.04 1.04

a Ip1 ¼ Mw=Mn and ¼ Ip2 ¼ Mz=Mw:
b This polymer was not analysed with the rheological method presented

in this research, but was used to prepare the corresponding polymer blends.
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polymers. This was done using Eqs. (24a) or (24b) and the

plateau modulus ðG0
NÞ obtained through Eq. (25). To

calculate both parameters, Ip2 and G0
N; several integrals

must be calculated from zero to infinity with respect to

frequency. Therefore, experimental frequency window must

be large enough to calculate these integrals accurately.

4.1. Frequency window requirements

The whole frequency evolution of the dynamic moduli,

G0 and G00, from the terminal to the rubbery plateau region,

is needed to achieve accurate polydispersity indices. This

means that G0 must evolve from a two scaling law with v

ðG0 , v2Þ at the low frequency range (terminal zone) to a

Fig. 1. Dynamic moduli G0 and G00 master curves at a reference temperature

T0 ¼ 0 8C for the PDMS mixtures series with 0 (A), 25 (p), 46 (þ), 75 (W)

and 100% (B) of the high molecular weight polymer (PDMS_H). The

dotted line shows the plateau modulus for polydimethylsiloxane.

Fig. 2. Dynamic moduli G0 and G00 master curves at a reference temperature

T0 ¼ 110 8C for the PI mixtures series with 100 (B), 90 (W), and 80% (þ )

of the high molecular weight polymer (PI_H). The dotted line shows the

plateau modulus for polyisoprene.

Fig. 3. Dynamic moduli G0 and G00 master curves at a reference temperature

T0 ¼ 170 8C for the PS mixtures series with 0 (A), 10 (p), 20 (þ) and 40%

(W) of the high molecular weight polymer. The dotted line shows the

plateau modulus for polystyrene.

Fig. 4. The dynamic modulus master curve data for EP [G0(B) and G00(A)].
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constant value of G0, namely G0
N; at the high frequency

range (plateau region). In addition, G00 must evolve from a

scaling law behaviour with a power exponent equal to one

ðG00 , vÞ to a scaling behaviour with a power exponent

characteristic of the polymeric system ðG00 , v2nÞ: It

should be noted that quality dynamic data in the terminal

region are more readily obtained by observing the scatter of

the storage dynamic shear compliance data points, J 0 ¼

G00=ðG02 þ G002Þ; as J0
e is asymptotically approached. In the

terminal zone only functions not influenced by viscous

deformation or relaxation help ascertain the level of

precision of dynamic properties [46]. On the other hand,

since polymers with narrow MWD have J0
e s which are 2.5 to

3.0 times larger than their entanglement plateau com-

pliances, we have to take care that the false plateau in G0

which reflects the reciprocal of J0
e was not interpreted as the

genuine rubbery entanglement plateau, G0
N; [46]. In these

cases, we need to explore higher frequencies than those

leading to the plateau where G0 reflects the reciprocal of J0
e

until G0
N is finally reached. Therefore, the experimental data

must extend over a wide frequency range and this can be

achieved for most polymeric materials with the aid of the

time–temperature superposition principle. Figs. 1–5 show

that the whole evolution from terminal to plateau region is

reached in all cases. However, in some cases it is possible to

get practical results by extrapolating the experimental data

in both frequency limits (low and high), according to the

rules given above. An example of the resulting dynamic

moduli after the frequency window extension by extrapol-

ation is shown in Fig. 4.

The polydispersity index can be calculated indepen-

dently from storage or loss data. Obviously, however, both

sets of data must reach the same Ip2 parameter, and this was

successfully tested for several of the analysed systems.

However, from a practical point of view, it is simpler to use

the storage modulus G0ðvÞ (Eq. (24a)), since the extension

of this parameter at high frequencies is easier

ðlG0ðvÞlv!1 ¼ G0
NÞ: At the same time, this material

parameter can be found in the literature for most common

polymers at different temperatures. Given this, we rec-

ommend using the G0 modulus for the Ip2 determination,

focusing attention on the integrals being completed.

It should be pointed out, however, that the molecular

model used is only applicable from the terminal to the

rubbery plateau region [9]. Therefore, glassy modes, that

could appear at high frequencies in the dynamic moduli

master curve data, must be removed.

4.2. Choice of the optimal parameter b

The polydispersity index was calculated by fitting the

model described by Eqs. (24a) and (24b) to the measured

dynamic data, leaving b as an adjustable parameter. In all

samples it is adjusted into the valid range of 2 , b , 3.4 by

trial and error in order to give the known experimental value

of the parameter Ip2. The Ip2 parameter values were

determined by SEC analysis for pure components and by

calculations from the known composition of the mixture

[43] for the polymer blends. These values are listed in

Table 2, together with parameter b adjusted for all the

analysed samples in order to have the correct Ip2 for the

rheological method presented in this study.

To choose the optimal b value valid for all the polymers

examined, the evolution of the relative error in Ip2 with b

was analysed. Fig. 6 shows the results for the five different

polymer series. It should be noted that the curves

corresponding to the PDMS, PI and nearly monodisperse

PS series show weighted mean values of the individual

relative errors. The optimal b values for these five series are:

b1 ¼ 2.5 (for PDMS), b2 ¼ 2.7 (for PI), b3 ¼ 2.5 (for EP),

b4 ¼ 2.3 (for polydisperse PS) and b5 ¼ 2.5 (for nearly

monodisperse PS), also listed in Table 2. The weighted

mean value of b for all the polymer series is

b ¼ 2:50 ^ 0:14

which is indicated as a vertical dashed line in Fig. 6.

Therefore, 2.50 was chosen as the best b value for

Fig. 5. The dynamic modulus master curve data for PS [G0(B) and G00(A)].

Table 2

Values of parameter b, for all the experimented polymer samples, at which

there was a fit between polydispersity indices calculated with the proposed

rheological method and experimentally derived ones

Sample Measured Ip2
a bij

b bi
c

PDMS_H 1.4 2.7 2.5

PDMS_H75L25 2.1 2.5 2.5

PDMS_H46L54 2.7 2.6 2.5

PDMS_H25L75 3.5 2.1 2.5

PDMS_L 1.5 3.1 2.5

PI_H 6.0 2.7 2.7

PI_H90L10 4.9 2.7 2.7

PI_H80L20 5.4 2.7 2.7

EP 2.0 2.5 2.5

PS 2.6 2.3 2.3

PS_H40L60 1.33 2.7 2.5

PS_H20L80 1.35 2.3 2.5

PS_H10L90 1.28 2.1 2.5

PS_L 1.04 2.8 2.5

a Ip2 ¼ Mz=Mw:
b The optimal b value for each examined sample.
c The optimal b value for each family of polymers analysed.
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calculating Ip2 ¼ Mz=Mw with the proposed rheological

method.

The polydispersity indices were then recalculated with

b ¼ 2.5 and the obtained values are listed in Table 3. The

greatest discrepancies are observed for high polydisperse

samples. However, except for these systems the relative

error never exceeds 12%, regardless of the polydispersity or

distribution type form (unimodal or bimodal). The small

discrepancies could be reduced if different b values were

assigned to the different polymer series, although this seems

unnecessary from a practical point of view. All complex

relaxation modulus data were established with standard

experimental error. Each experimental datum was deter-

mined by conventional replication until error does not

exceed 5%. Special emphasis was laid on the use of the

complete frequency evolution of the dynamic moduli,

taking into consideration the factors pointed out in the

terminal and the rubbery plateau regions.

5. Conclusions

This article has described a theoretical model for

determining the polydispersity index, Mz=Mw of linear

polymer melts directly from experimental rheological

dynamic data. The model has been shown to be useful for

predicting the polydispersity of different kinds of polymer

samples and has certain advantages over other rheological

techniques used for this purpose. As it is based on a

molecular theory, rather than empirical rules, and predicts

polydispersity in an absolute mode, no calibration is needed.

Furthermore, it can be applied to any entangled linear

polymeric material, whatever its nature and distribution

form type (uni- or bimodal). A MWD form does not have to

be assumed a priori; only the storage G0 and loss G00 moduli

need to be known. However, for an accurate calculation of

the polydispersity index, the experimental dynamic data

must extend across the frequency window from the terminal

to the rubbery plateau region.

The model was successfully tested on several polymers,

using both data from our laboratory and experimental data

already reported in the literature. This confirms the model’s

validity and suggests it can be applied more widely, in

particular to monodisperse samples.

The model uses the parameter b, which determines the

contribution of the molecular weight of a chain in its

relaxation time. b ¼ 2.50 was found to be adequate for the

different polymer series analysed. Only minor discrepancies

were found for polydispersity indices higher than 3.
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